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Abstract: In recent years Discontinuous Galerkin (DG) methods emerged as one of
the most promising technique for time accurate computations, such as Direct Numerical Simulations (DNS ), Large Eddy Simulation (LES ) and hybrid RANS-LES methods. During this project the high-order DG code MIGALE will be extended for the
unsteady incompressible turbulent 3D numerical simulations of a vertical axis wind turbine (VAWT ). Two high-order temporal schemes will be implemented with adaptive
control of the time step, namely a Runge-Kutta and a Rosenbrock-type method. In
order to increase the computational efficiency of the solver different techniques will be
investigated: (i) pseudo-compressibility method and dual-time stepping technique coupled with the Runghe-Kutta scheme; (ii) different strategies of preconditioning. X-LES

method will be also implemented to investigated differences in the VAWT simulation
with respect to standard RANS approaches.
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Background
”Sustainable energy is the sustainable provision of sustainable energy development that meets the needs of the present without compromising the ability
of future generations to meet their needs.”
The wind energy is an example of sustainable energy: mechanical energy or electrical
energy can be obtained through the conversion of the kinetic energy of the wind. In
the past, wind energy was used directly as motive energy, for example in windmills.
Today, apart from specific applications, the public interest has focused on its immediate
conversion into electricity by means of wind turbines.
In 2010 the production of wind power has been more than 2.5% of all global electricity
consumption, with an estimated growth of 25% per annum. The prediction says that the
fraction of the global energy demand covered by wind may increase by one percentage
point every three years [10]. Wind turbine companies, that produce technologies suited
to the exploitation of this energy source, pushing strongly towards research, with the
aim of enhancing, optimizing the existing technologies and improve their versatility, so
as to allow a greater global spread.
Besides the more traditional horizontal axis wind turbine (HAWT ), also the turbines
with vertical axis (VAWT ) are carving out a increasing space. A VAWT is characterized
by a reduced amount of movable parts in its structure, which gives a high resistance,
and an easier maintenance. In fact most of the mechanical components are positioned
on the ground. The main advantage of this type of turbines is the ability to harness
the wind in any direction, ensuring greater versatility than the horizontal axis wind
turbine. This model has also some drawback, particularly the lower efficiency compared
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to HAWT, due to the engine torque, which is not uniform with the height from the
ground and with the angle of rotation.
The design of a wind turbine need a careful study of the blades aerodynamic, to optimize
the arrangement of the profile and the selection of the operating parameters.
During the last two decades, the considerable advances in algorithm development and
the huge increase of computer power have made CFD a key discipline in this industry.
The wind turbine community has started to look at CFD codes to complement wind
tunnel and in field tests to better understand the complex flow physics around rotating
wind turbine blades.

The turbulent and unsteady flow through a VAWT can be numerically investigate following different approaches: LES, RANS and hybrid RANS-LES. The use of the ReynoldsAveraged Navier-Stokes (RANS ) equations allows to model all scales by means of a
turbulence model. Although the solution of RANS equations is feasible even for high
Reynolds numbers, it can be inaccurate in the prediction of some flow features such as
massive separation laminar recirculation bubbles and transition.
Large Eddy Simulation (LES ) solves the large scales of turbulence and modelling the
effects of smaller scales by means of sub-grid scale (SGS ) models. The scale separation
is obtained by applying a filter to the governing equations which also influences the form
of the SGS models. The list of LES models contains information about models, LES
filters and filter width functions. In [39], [7] and [40] numerical simulations are carried
out on different configurations of VAWT by using these methods with two-dimensional
and three-dimensional approach. Furthermore in [39] the feasibility and accuracy of
different methods based on 2.5D simulations is investigated. These simulations consider
3D blade of infinite length.
Hybrid RANS-LES method is another approach, which aims to increased physical fidelity over full RANS without the costs of a LES. The essential idea of hybrid methods
is to apply LES in the separated flow region and RANS in the attached, or weakly
separated boundary layers. In recent years, several hybrid RANS-LES approaches have
been proposed. Spalart et al. persecuted the Detached Eddy Simulations (DES ), in
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which RANS with the Spalart-Allmaras turbulence model is used.
There are two versions of DES : the original model (DES-SA) and a variant of a Travin et
al. based on the SST k − ω turbolence model (DES-SST ). In DES, a hybrid turbolence
model that can switch between RANS and LES modes is obtained by replacing the
length scale in the dissipation of either the eddy viscosity (DES-SA) or the turbolence
kinetic energy (DES-SST ).
The two other hybrid approaches are Very-Large Eddy Simulation VLES of Speziale [8],
which is based on a Reynolds-stress transport model, and Scale Adaptive Simulation
(SAS ), which is based on a one-equation turbolence model.
The main issue is the possible dependence on the grid of the boundary between the
RANS and the LES regions. It is difficult to specify the RANS-LES boundary a priori
for separated flows, where LES shoul be active in the separated flow regions and RANS
in the boundary layers. [9] allows to overlap RANS and LES regions. The opposite
situation, where the LES flow becomes a RANS flow usually is not problematic as the
coherently structured unsteadiness is simply damped and mixed up.
Finally in [7] DES -type Extra-LES method (X-LES ) is developed, which is a composite formulation where a single turbolent kinetic energy equation iSGS is defined, that
”switched” dynamically between the RANS and LES formulations, depending on the
RANS lenght scale and the LES filter. This formulation is indipendent of the wall
distance, which is an ambiguous parameter for VAWT.
The hybrid approaches allow to predict separated flows with substantially higher physical fidelity than unsteady RANS (URANS ) and at substantially lower costs than LES.
In particular X-LES has two clear advantages over other hybrid methods: it uses a
clearly defined SGS model in LES and it does not depend on the wall distance. All the
methods listed and described thus far are generically called under-resolved methods to
take distance from the direct resolution (DNS )of the governing equations.
The accuracy provided by second-order accurate finite volume (FV ) or finite element
schemes, which proved to be very successful for the simulation of a wide variety of applications, is inadequate for many flows of industrial interest: when a long time integration
is required, and, more generally, in the simulation of turbulent flows characterized by
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vortices, eddies and rotating wakes, such as in vertical axis wind turbines.

The limitations of FV methods for turbulent flows simulations described above could
be a problem for the VAWT simulation. Higher order accurate methods such as Discontinuous Galerkin (DG) methods have been considered as alternative discretization
techniques to overcome these limitations [11], [13], [14], [15], [16]. The solution of the
weak or variational form of a problem is approximated by means of piecewise continuous polynomials inside the elements just as in the classical continuous finite element
methods (FEM ) but with no continuity constraints between neighbouring element. The
lack of a global continuity constraint opens the way to the treatment of the solution at
element interfaces by the techniques developed in the context of upwind finite volume
method, which is in fact a very effective manner to introduce the stabilization required
by any FEM method for the solution of purely advective or advection dominated problems. Furthermore, a discontinuous approximation offers greater geometrical flexibility
with respect to more traditional globally continuous methods, since high-order accurate schemes can be constructed on arbitrary and possibly non-conforming grids and
elements of different order of accuracy can be easily accommodated in the same grid.
The application of the DG space discretization to incompressible fluid flows has been
recently considered [17], [18]. In [6], Liu and Shu introduce a DG method for 2D incompressible flows in stream function formulation, where the DG approximation is applied
to the momentum equation, while a continuous finite element approximation of the
stream function is computed by a standard Poissons solver. Cockburn proposes and
thoroughly analyzes the local discontinuous Galerkin (LDG) method for the Stokes,
Oseen and incompressible Navier-Stokes equations [12], [19].

In the incompressible RANS equations of MIGALE code the peculiar formulation of the
inviscid interface numerical flux, based on the exact solution of the Riemann problem
for the artificial compressibility perturbation of the locally 1D inviscid Euler equations,
provides the necessary coupling between the discretized incompressibility constraint and
the rest of the governing equations. Viscous terms are discretized according to the BR2
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scheme, [46], while the k–ω turbulence model implementation follows the approach proposed in [15] for compressible flows, whereby the use of ω̃ = logω instead of ω guarantees
the positivity of ω itself and a locally varying lower bound on ω̃ in the source terms
and in the eddy viscosity constitutive relation enforces the fulfilment of realizability
conditions for the turbulent stresses. Furthermore, in order to efficiently address the
simulation of flows around bodies rotating at constant angular velocity, such as turbomachinery rotors and propellers, the governing equations can be solved also in a rotating
reference frame.
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Target
The objective of this project is to develop a 3D DG solver for incompressible unsteady
turbulent flows. In particular, this work will focus on (i) the investigation and implementation of high-order time integration schemes, (ii) the investigation and implementation
of preconditioner to enhance the computational efficiency and (iii) the comparison of
the results for a VAWT by using the RANS (k − ω turbulence model in the high and
low Reynolds version) equations, and an hybrid RANS-LES approach.
The incompressible turbulent version of the DG code MIGALE will be extended to
3D. The performance of different high-order temporal schemes (Runghe-Kutta-type
and Rosenbrock-type) will be investigated. Adaptive time step will be implemented and
used to optimize the robustness of the code and the CPU time.
The Runge-Kutta scheme allows to use the pseudo-compressibility method in order to
accelerate the solution convergence to steady state. When applied to unsteady simulations, this method requires the dual-time stepping technique (DTS ) to obtain a solution
indipendent of the compressibility parameter [4]. Furthermore, different strategies to
improve the efficiency of the solver will be evaluated, i.e. new preconditioner and the
multigrid technique [47] [48].
Finally the X-LES method, due to the advantages illustrated in the previous section, will
be implemented in the code, assessed for reference computations and finally compared
with RANS in the computation of a detached flow.
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Results
The results of this work will focus on the prediction of the performance and the aerodynamics characteristics of a VAWT with a high-order DG method. Different numerical
simulations will be carried out by using RANS equations (k − ω turbulence model) and
the X-LES method. The results of the numerical simulations will be compared with the
available experimental data.
Advantages of the X-LES approach in the simulation of highly detached flow will be
demonstrated.
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Research plan
The work can be divided into several phases:
1. Literature review for some key topic of the project. CFD analysis of VAWT,
DG, incompressible RANS equations and k − ω closure model for turbulent flows,
hybrid RANS-LES methods, pseudo-compressibility methods, dual-time stepping
technique with Runge-Kutta schemes, adaptive time step and preconditioning.
2. Extension of the DG code MIGALE. The incompressible turbulent version of the
MIGALE code will be extended to three-dimensional case, by implementing the
RANS equations with the k − ω turbulence model for high and low Reynolds
number.
3. Evaluation and implementation of different high-order temporal schemes. Different
temporal scheme will be compared for different test cases, to investigate their
performance in terms of stability and efficiency (CPU time). The schemes will be
evaluated for the laminar and turbulent flows using two test cases: the travelling
waves and the flow around a NACA0018 airfoil.
In the first test case the laminar solution of travelling dambed waves on a doublyperiodic unit square [0.25, 1.25]×[0.5, 1.25] is computed. A P6 solution will be used
to keep the space discretization error below the time integration error allowing to
numerically assess the design-order accuracy of the time integration schemes. In
the second test case the incompressible turbulent flow around a NACA0018 airfoil
is computed. The farfield conditions are Re = 300000, ReT = 1, T u = 0.1 and an
angle of attack 30◦ .
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The travelling waves is used to verify the order of convergence of the scheme, where
the analytical solution is known. Instead the test case on isolated NACA0018
profile is used to optimize the implementation of the scheme during long-time
simulations. Two schemes will be implemented: Rosenbrock-type ROS3PL scheme
([34]) and Runge-Kutta-type ESDIRK46 scheme ([45]).
4. Implementation of pseudo-compressibility method and dual-time stepping technique, for the ESDIRK scheme. The effective reduction of the computation time
due to these techniques will be evaluated. The same test cases are adopted.
5. Adaptive time step implementation. For unsteady and long-time simulations it is
convenient to introduce a strategy to control the time step. This technique allows
to optimize the computational time and enhance the robustness of the code. Same
test cases adopted for the evaluation of the temporal schemes will be used.
6. Efficiency improvement of the solver. Different strategies will be evaluated to
enhance the efficiency: preconditioners and the h-multigrid, as preconditoner and
solver. Performance of the proposed strategies will be investigated on the same
test cases of point 3.
7. Implementation and investigation of an under-resolved turbulence method. The
focus is on hybrid RANS-LES methods. In particular the X-LES method will be
implemented in the code and assessed using the circular cylider test case.
8. Numerical simulation of the VAWT. 2D, 2.5D and 3D simulations will be performed using the RANS and the X-LES approaches. The results will be compared
with the available experimental data.
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